Introduction
Let p be a prime, and j a positive integer such that 1 ≤ j ≤ p − 1. Then by Fermat's Little Theorem we have j p−1 ≡ 1 (mod p). And thus p−1 j=1 j p−1 ≡ p − 1 ≡ −1 (mod p), an observation of Sierpiński [7] .
In 1950, Giuga [5] asked whether the converse holds, i.e. if any integer n such that n−1 j=1 j n−1 ≡ −1 (mod n) is necessarily prime. He provided support for that conjecture by showing that any counterexample, i.e. any composite integer satisfying the congruence, is greater than 10 1000 . This lower bound was later improved many times over the ensuing decades, by numerical means : to 10 1700 by Bedocchi [2] , to 10 13887 by Borwein, Borwein, Borwein & Girgensohn [3] , and finally to 10 19908 by Borwein, Maitland & Skerritt [4] . These works nevertheless have arithmetical limitations, in that the method used intrinsically cannot treat any number having more than 8,135 prime factors.
On the other hand, Tipu [11] proved by analytic means that for any real number x, the number of counterexamples to Giuga's conjecture G(x) := #{n < x : n is composite and n−1 a=1 a n−1 ≡ −1 (mod n)}, if any, is at best of moderate growth : G(x) ≪ √ x log x. This was later improved by Luca, Pomerance and Shparlinski [9] to G(x) = o( √ x).
Agoh [1] showed in 1995 that conjecturing that n is prime iff nB n−1 ≡ −1 (mod n) (where the (B n ) n≥0 are Bernoulli numbers, see e.g. Granville [6] and Sun [10] ) is equivalent to Giuga's conjecture (see also Kellner [8] ).
The paper is organized as follows. In the next section, we introduce a family of congruences that interpolates between Wilson's and Giuga's. Then, in section 3, we prove preliminary results related to the passage from one member of the family to the next. Finally, in section 4, we prove that all these congruences caracterize the primes. Theorem 2.2. ∀n ∈ N 2 we have : n ∈ P ⇔ n | f W (n).
Notations. Let
Remark 2.3. Wilson's theorem allows to change the definition of primality, which is negative in nature (n is prime iff it is not the product of strictly smaller integers), into a positive one (n is prime iff it divides some specific larger integer). This crucial reversal is at the heart of the philosophy of this paper.
Then Giuga's conjecture is :
An interpolation family.
We introduce the following integer-valued functions.
For any given n ∈ N 2 , we have that for any k ∈ 1; n − 1 the function H k is integer-valued, since for each i ∈ 1; n − 1 we have
Remark 2.8. We directly obtain H n−1 = f G . The relationship between H 1 and f W is described in the proof of the next lemma.
The term in the bracket is necessarily an integer since for any j ∈ 1, n−3 we have that (n+j)! = 1 × 2 × · · · × (j + 2)
, so this is simultaneously divisible by (j + 2)! and by n. The result then follows from Wilson's theorem.
Thus H 1 also characterizes the primes. The author initially numerically observed for n ∈ k+1; 10 3 with k = 2, 3, 4, 5 and k = n−5, n−4, n−3, n−2 that it is also the case for these H k . It was thus tempting to make the following conjecture :
Conjecture 2.10. For each k ∈ N 2 we have : [n ∈ P, with n ≥ k + 1] ⇔ n | H k (n).
Remark 2.11. The case k = n − 1 is Giuga's conjecture.
In the last section we shall prove this conjecture. To this end, in the next section we show several results about the functions H k . 
Properties of the functions
For each (n, k) ∈ N 2 2 with n ≥ k + 1 we have : 
i k to that, one obtains the result.
The following functions will be useful.
Remark 3.5. For any given n ∈ N 2 we have that for any k ∈ 1; n − 2 the quantity U k (n) is an integer, since for any i ∈ 1; k + 1 we have i ≤ n + i − 2 − k.
Lemma 3.4. For any n ∈ N 2 we have U 1 (n) ≡ 0 (mod n). In particular, H 2 also characterizes P. Proof 3.7. We have to show that for n ≥ 2 we have (n−2)! 1! 1 1 + (n−1)! 2! 2 1 ≡ 0 (mod n). This is true since it simplifies to showing (n − 2)! + (n − 1)! ≡ 0 (mod n), i.e. showing that (n − 2)![1 + (n − 1)] ≡ 0 (mod n), which is true. So for n ≥ 2 we have H 2 (n) ≡ H 1 (n) (mod n), so lemma 2.1 implies that H 2 also characterizes the primes.
The general strategy of the paper to prove Giuga's conjecture is to proceed in a similar fashion to reduce H 3 , H 4 ,... to H 1 (which, as we saw above, is morally Wilson's theorem). This is done in the next section.
Proof of Giuga's conjecture
Let us now introduce the following sums. 
This will be proved as a result of the following two lemmas. The author is very grateful to the referee of a previous version of this work for providing this proof. , we obtain by induction on n that the n−fold iteration of ∆ on f is ∆ n f (j) = n i=0 (−1) i n i f (j + n − i). For n = k + 1 and the polynomial f (j) = j k , since f is of degree k < n we thus have that ∆ n f (j) is identically zero. That is, we have
We now prove theorem 4.2. Let
Then, given the slightly different summation ranges than in the previous lemmas, we get A = (k + 1) k − 1 and B = (−1) k (k + 1) k . So since (−1) k A + B = (−1) k+1 we obtain V k = (−1) k+1 .
We now prove the central result of this work. Theorem 4.5. With the previous notations, we have for any n ∈ N 2 and any 1 ≤ k ≤ n − 2 that U k (n) ≡ 0 (mod n).
Proof 4.6. The i = 1 term of U k (n) is (n − 1 − k)!. Let us say that (n − 1 − k)! ≡ a (mod n) for some a ∈ 0; n − 1 .
Then for any j ∈ 1; k we have by induction (
. So a is in factor in each term of U k (n).
If a = 0 then U k (n) ≡ 0 (mod n). If a = 0, then U k (n) can be factored by a, and so (using the previous paragraph with i = j + 1) we have U k (n) =
Recall that the term in parenthesis is an integer. Multiplying by the quantity k + 1 (which is non-zero modulo n since 1 ≤ k ≤ n − 2) we get (k + 1)U k (n) = a × k i=1 k+1 i (−1) i−1 i k + (−1) k (k + 1) k . Expanding (k + 1) k with the binomial theorem and simplifying, we notice that the resulting expression is 0 by theorem 4.2. So necessarily U k (n) ≡ 0 (mod n). The claim follows. Proof 4.7. From the previous theorems, for each n ∈ N 2 and each k ∈ 1; n − 2 we have that H k+1 (n) ≡ H 1 (n) (mod n). Since by lemma 2.1 H 1 characterizes the primes, conjecture 2.10 is true and we get Giuga's conjecture for k = n − 2, i.e. for H n−1 .
